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ON MAXIMAL SUBALGEBRAS
STEFAN MAUBACH AND IMMANUEL STAMPFLI
Abstract. Let k be an algebraically closed field. We classify all maximal
k-subalgebras of any one-dimensional finitely generated k-domain. In dimen-
sion two, we classify all maximal k-subalgebras of k[t, t−1, y]. To the authors’
knowledge, this is the first such classification result for an algebra of dimension
> 1. In the course of this study, we classify also all maximal k-subalgebras of
k[t, y] that contain a coordinate. Furthermore, we give examples of maximal
k-subalgebras of k[t, y] that do not contain a coordinate.
1. Introduction
All rings in this article are commutative an have a unity. A minimal ring exten-
sion is a non-trivial ring extension that does not allow a proper intermediate ring.
A good overview of minimal ring extensions can be found in [PPL06]. A first general
treatment of minimal ring extensions was done by Ferrand and Olivier in [FO70].
They came up with the following important property of minimal ring extensions.
Theorem 1.0.1 (see [FO70, The´ore`me 2.2]). Let A ( R be a minimal ring ex-
tension and let ϕ : Spec(R)→ Spec(A) be the induced morphism on spectra. Then
there exists a unique maximal ideal m of A such that ϕ induces an isomorphism
Spec(R) \ ϕ−1(m)
≃
−→ Spec(A) \ {m} .
Moreover, the following statements are equivalent:
i) The morphism ϕ : Spec(R)→ Spec(A) is surjective;
ii) The ring R is a finite A-module;
iii) We have m = mR.
Let A ( R be a minimal ring extension. Then A is called a maximal subring of
R. In the case where Spec(R)→ Spec(A) is non-surjective, we call A an extending1
maximal subring of R and otherwise, we call it a non-extending2 maximal subring.
Moreover, the unique maximal ideal m of A (from the theorem above) is called
the crucial maximal ideal. In this article we are interested in the description of all
maximal subrings of a given ring R.
Since in the non-extending case R is a finite A-module, one might suspect, that
this is not such a difficult case. Indeed, in Section 2 we provide a classification of all
non-extending maximal subrings of an arbitrary ring (up to the classification of all
maximal subfields of a given field). In fact, Dobbs, Mullins, Picavet and Picavet-
L’Hermitte gave in [DMPPL05] already such a classification. The novelty of our
approach is that we explicitly construct all the non-extending maximal subrings of
a given ring.
2010 Mathematics Subject Classification. 13B02, 13B30, 13G05, 13A18 (primary), and 14R10,
14H50 (secondary).
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1Since [FO70] proves that in this case f is a flat epimorphism, the literature calls this sometimes
the “flat epimorphism case”.
2The literature calls this sometimes the “finite case”.
1
2 STEFAN MAUBACH AND IMMANUEL STAMPFLI
Thus, we are left with the extending case. One can reduce the study to the case
where R is an integral domain, and this is explained in Section 3. Moreover, in
the same section, we give some general properties of maximal subrings that we will
use often in the course of this article. As the classification of all extending maximal
subrings of an arbitrary integral domain still seems to be a difficult task, we restrict
ourselves to the case where R is a finitely generated domain over an algebraically
closed field k (of any characteristic). Thus our guiding problem is the following.
Problem. Classify all extending maximal subalgebras of a given affine k-domain
where k is an algebraically closed field.
If the affine k-domain is one-dimensional, then we are able to describe all ex-
tending maximal k-subalgebras. This description is provided in Section 4. Let us
give a simple example.
Example 1.0.1. If R = k[t, t−1], then the only extending maximal k-subalgebras
are k[t] and k[t−1]. In fact, P1
k
is a smooth projective closure of A∗
k
. If we identify
A∗
k
with the image under the open immersion
A∗k −→ P
1
k , t 7−→ (t : 1) ,
then k[t] is the subring of functions on A∗
k
that are defined at (0 : 1) ∈ P1
k
and
k[t−1] is the subring of those functions on A∗
k
that are defined at (1 : 0).
This example is an instance of the general description.
Theorem 1.0.2 (see Theorem 4.0.2). Let R be a finitely generated one-dimensional
k-domain. Take a projective closure X of the affine curve X = Spec(R) such that
X is non-singular at every point of X \X. If X \X contains just a single point,
then R has no extending maximal k-subalgebra. Otherwise, for any point p ∈ X \X,
{ f ∈ R | f is defined at p }
is an extending maximal k-subalgebra of R and every extending maximal k-subalgebra
of R is of this form.
In dimension two, the most natural algebra to study is the polynomial algebra in
two variables k[t, y]. Using the classification of extending maximal subalgebras of a
one-dimensional affine k-domain, we give in Section 5 plenty examples of extending
maximal subalgebras of k[t, y] that do not contain a coordinate of k[t, y], i.e. they
do not contain a polynomial in k[t, y] which is the component of an automorphism
of A2
k
. These examples indicate that it is difficult to classify all extending maximal
subalgebras of k[t, y]. Therefore, we impose more structure in the problem. Namely,
we search for all extending maximal subalgebras of k[t, y] that contain a coordinate
of k[t, y].
Another natural 2-dimensional affine k-domain beside the polynomial algebra
k[t, y] is the localization of it in t, i.e. the 2-dimensional domain k[t, t−1, y]. This
algebra is directly related to our former problem, as it is isomorphic to the local-
ization of k[t, y] in any coordinate of k[t, y]. In fact, in this article we classify all
extending maximal subalgebras of k[t, t−1, y] and get in the course of this classifica-
tion all extending maximal subalgebras of k[t, y] that contain a coordinate. This is
the bulk of this article. To the authors’ knowledge, this is the first such classification
result for an algebra of dimension > 1.
Let us give an instructive example, before we give more details on our results.
Example 1.0.2 (see Lemma 3.2.2). Let k be an algebraically closed field and let
R = k[t, t−1, y]. The ring
A = k[t] + y k[t, t−1, y] = k[t, y, y/t, y/t2, y/t3, . . .]
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is an extending maximal subalgebra of k[t, t−1, y]. The crucial maximal ideal of A
is given by
m = (t, y, y/t, y/t2, . . .) .
Thus A ⊆ k[t, t−1, y] induces an open immersion A∗
k
× A1
k
→ Spec(A) and the
complement of the image is just {m}. Moreover, the morphism Spec(A) → A2
k
induced by k[t, y] ⊆ A, sends the crucial maximal ideal m to the origin (0, 0). So in
some sense we “added” to A∗
k
× A1
k
the point (0, 0) ∈ {0} × A1
k
.
Another description of the affine scheme Spec(A) is the following: It is the inverse
limit of . . .−→A2
k
ϕ
−→ A2
k
ϕ
−→ A2
k
inside the category of affine schemes, where
ϕ(t, x) = (t, tx).
A little more general, for any α ∈ k[t], the ring k[t] + (y − α)k[t, t−1, y] is also
an extending maximal subalgebra of k[t, t−1, y].
Towards the classification of all extending maximal subalgebras of k[t, t−1, y],
we describe in Section 6 all extending maximal k-subalgebras of k[t, t−1, y] that
contain k[t, y]. To formulate our results we introduce some notation. Let k[[tQ]] be
the Hahn field over k with rational exponents, i.e. the field of formal power series
α =
∑
s∈Q
ast
s such that supp(α) = { s ∈ Q | as 6= 0 } is well ordered.
Moreover, we denote by k[[tQ]]+ the subring of elements α ∈ k[[tQ]] that satisfy
supp(α) ⊆ [0,∞). By extending the scalars k[t, t−1] to the Hahn field k[[tQ]] one
has a simple classification:
Theorem 1.0.3 (see Corollary 6.3.8 and Remark 6.3.6). We have a bijection
k[[tQ]]+ −→


extending maximal
k-subalgebras of k[[tQ]][y]
that contain k[[tQ]]+[y]

 , α 7−→ k[[tQ]]+ + (y − α) k[[tQ]][y]
With the aid of this theorem, we are able to classify all extending maximal
k-subalgebras of k[t, t−1, y] that contain k[t, y].
Theorem 1.0.4 (see Theorem 6.5.1). Let S be the set of α ∈ k[[tQ]]+ such that
supp(α) is contained in a strictly increasing sequence of Q. Then we have a surjec-
tion
S −→


extending maximal
k-subalgebras of k[t, t−1, y]
that contain k[t, y]

 , α 7−→ Aα ∩ k[t, t−1, y]
where
Aα = k[[t
Q]]+ + (y − α) k[[tQ]][y] .
Moreover, two elements of S are sent to the same k-subalgebra, if and only if they
lie in the same orbit under the natural action of Hom(Q/Z, k∗) on S .
In Section 7 we start with the description of all maximal k-subalgebras of
k[t, t−1, y]. Our main result of that section is the following.
Theorem 1.0.5 (see Proposition 7.0.1). Let A ⊆ k[t, t−1, y] be an extending max-
imal k-subalgebra. Then, exactly one of the following cases occur:
i) There exists an automorphism σ of k[t, t−1, y] such that σ(A) contains k[t, y];
ii) A contains k[t, t−1].
The maximal k-subalgebras of case i) are described by Theorem 1.0.4. Thus, we
are left with the description of the extending maximal k-subalgebras of k[t, t−1, y]
that contain k[t, t−1]. This will be done in Section 8. In order to state our result let
us introduce some notation. Let M be the set of extending maximal k-subalgebras
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of k[t, y] that contain k[t]. Moreover, let N be the set of extending maximal k-
subalgebras A of k[t, y, y−1] that contain k[t, y−1] and such that
A −→ k[t, y, y−1]/(t− λ)
is surjective, where λ is the unique element in k such that the crucial maximal
ideal of A contains t − λ (this λ exists by Remark 8.0.1). The set N is described
by Theorem 1.0.4. Then, the maximal k-subalgebras of case ii) in Theorem 1.0.5
are described by the following result.
Theorem 1.0.6 (see Theorem 8.0.1 and Proposition 7.0.2). With the definitions
of M and of N from above, we have bijections Θ and Φ
N
Θ
−→ M ⊇


B in M s.t. the crucial
maximal ideal of B
does not contain t


Φ
←−


extending maximal k-
subalgebras of k[t, t−1, y]
that contain k[t, t−1]


given by Θ(A) = A ∩ k[t, y] and Φ(A′) = A′ ∩ k[t, y].
In particular, with the aid of the bijection Θ: N → M in Theorem 1.0.6 we
get a description of the extending maximal k-subalgebras of k[t, y] that contain a
coordinate of k[t, y].
2. Classification of the non-extending maximal subrings
Let R be any ring and denote by X = Spec(R) the corresponding affine scheme.
In the sequel, we describe three procedures to construct a non-extending maximal
subring of R.
a) Glueing two closed points transversally. Choose two different closed
points x1, x2 ∈ X such that their residue fields κ(x1), κ(x2) are isomorphic and
choose some isomorphism σ : κ(x1)→ κ(x2). Let
Rx1,x2 = { f ∈ R | σ(f(x1)) = f(x2) }
(note that Rx1,x2 depends on σ). Then Rx1,x2 is a non-extending maximal subring
of R with crucial maximal ideal
mx1,x2 = { f ∈ R | σ(f(x1)) = f(x2) = 0 } ,
the homomorphisms on residue fields Rx1,x2/mx1,x2 → κ(xi) are isomorphisms and
the fiber of X → Spec(Rx1,x2) over mx1,x2 contains only the points x1 and x2.
Moreover, the natural linear map on tangent spaces
Tx1X ⊕ Tx2X −→ Tmx1,x2 Spec(Rx1,x2)
is an isomorphism.
Proof. For i = 1, 2, let mi ⊆ R be the maximal ideal corresponding to xi. The
injective homomorphism
Rx1,x2/mx1,x2 −→ R/mi
is surjective. Indeed, let f ∈ R. By symmetry, we can assume that i = 1. Then
there exists h ∈ m1 such that h(x2) = σ(f(x1)) − f(x2). Thus f + h ∈ Rx1,x2 ,
which proves the surjectivity. Let κ = Rx1,x2/mx1,x2 . Since mx1,x2 = m1 ∩ m2, the
homomorphism
Rx1,x2/mx1,x2 ⊆ R/mx1,x2 = R/m1 ∩m2 = R/m1 ×R/m2
identifies with the diagonal homomorphism κ→ κ× κ. Since mx1,x2 = mx1,x2R, it
follows that Rx1,x2 is a maximal subring of R, see Lemma 3.2.2. Moreover, the fiber
of X → Spec(Rx1,x2) over mx1,x2 consists of x1 and x2. For the last statement we
prove that the κ-linear map on cotangent spaces
mx1,x2/m
2
x1,x2 −→ m1/m
2
1 ⊕m2/m
2
2 (1)
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is an isomorphism. Let f1 ∈ m1 such that f1(x2) = 1. The ideals m
2
1 and m
2
2 are
coprime, since m1 and m2 are coprime, and thus we get m
2
1∩m
2
2 = m
2
1 ·m
2
2 ⊆ m
2
x1,x2 .
This proves the injectivity of (1). Let h ∈ m2. Then
f21h ∈ mx1,x2 , f
2
1h− h ∈ m
2
2 and f
2
1h ∈ m
2
1 ,
which proves that {0} ⊕ m2/m
2
2 lies in the image of (1). By symmetry we get the
surjectivity of (1). 
b) Deleting a tangent direction at a closed point. Choose a closed point
x ∈ X and a derivation δ : OX,x → κ(x) that induces a non-zero tangent vector in
TxX . Let
Rx,δ = { f ∈ R | δ(f) = 0 } .
Then Rx,δ is a non-extending maximal subring of R with crucial maximal ideal
mx,δ = { f ∈ R | δ(f) = 0 , f(x) = 0 } .
The morphism X → Spec(Rx,δ) is bijective, maps x on mx,δ and induces an iso-
morphism on residue fields Rx,δ/mx,δ → κ(x). Moreover there is an induced exact
sequence
0 −→ κ(x)v −→ TxX −→ Tmx,δ Spec(Rx,δ)
where v ∈ TxX denotes the non-zero tangent vector induced by δ.
Proof. Let m ⊆ R be the maximal ideal corresponding to x in X . Since δ induces
a non-zero κ(x)-linear map m/m2 → κ(x), there exists e ∈ m such that δ(e) = 1.
The injective homomorphism
Rx,δ/mx,δ −→ κ(x)
is surjective. Indeed, if f ∈ R, then there exists r ∈ R such that δ(f) − r(x) = 0
inside κ(x). Hence, f − er ∈ Rx,δ and er ∈ m, which proves the surjectivity.
Let κ = Rx,δ/mx,δ. Since mx,δ is an ideal of R, we get a κ-algebra isomorphism
κ[ε]/(ε2) −→ R/mx,δ , ε 7−→ e
and the map Rx,δ/mx,δ → R/mx,δ identifies with the κ-linear map κ → κ[ε]/(ε
2).
By Lemma 3.2.2, it follows that Rx,δ is a maximal subring of R. Clearly, the induced
map X → Spec(R) is bijective and maps x to mx,δ. The last statement follows from
the exact sequence of κ-vector spaces
mx,δ/m
2
x,δ −→ m/m
2 δ−→ κ −→ 0 .

Remark 2.0.1.
i) There are affine schemes X such that for some closed point x ∈ X the tangent
space TxX 6= 0, even though there exists no non-zero derivation OX,x → κ(x).
Take for example X = Spec(Z) and x = pZ where p is some prime number.
ii) There are affine schemes X such that for some closed point x ∈ X there exists
a non-zero derivation δ : OX,x → κ(x) that induces the zero vector in TxX .
Take for example any affine scheme X and take any closed point x ∈ X such
that there exists a non-zero derivation δ0 : κ(x)→ κ(x). Then
OX,x −→ κ(x)
δ0−→ κ(x)
is a non-zero derivation that induces the zero vector in TxX .
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c) Shrinking the residue field at a closed point. Choose a closed point
x ∈ X and choose a maximal subfield k of the residue field κ(x), i.e. a subfield
k ⊆ κ(x) such that there exists no proper intermediate field between k and κ(x).
Let
Rx,k = { f ∈ R | f(x) ∈ k } .
Then Rx,k is a non-extending maximal subring of R with crucial maximal ideal
mx,k = { f ∈ R | f(x) = 0 }
and the residue field Rx,k/mx,k is k. Moreover, the morphism X → Spec(Rx,k) is
bijective and maps x on mx,k.
Proof. Note, that a maximal subfield of a field is automatically a maximal subring
of that field. Thus, the maximality of Rx,v in R follows from the fact that
k = Rx,v/mx,v −→ R/mx,v = κ(x)
is a maximal subfield, see Lemma 3.2.2. The other statements are clear. 
The next result shows, that every non-extending maximal subring arises by one
of the three constructions above. In fact, a version of this result can be found in
[DMPPL05, Corollary II.2]. However, for the sake of completeness and the shortness
of the argument, we provide a proof. The main ingredient will be an easy, but very
important Lemma of Ferrand and Olivier [FO70].
Proposition 2.0.1. If A ⊆ R is a non-extending maximal subring, then it is one
of the maximal subrings constructed in a), b) or c).
Proof. By assumption, the map Spec(R) → Spec(A) is surjective and there exists
a unique maximal ideal m ⊆ A such that m = mR. By Lemma 3.2.2, the field
K = A/m is a maximal subring of R/m. By [FO70, Lemme 1.2] one of the following
possibilities occur:
i) The map K ⊆ R/m identifies with the diagonal map K → K ×K.
ii) The map K ⊆ R/m identifies with the K-homomorphism K → K[ε]/(ε2).
iii) R/m is a field.
If we are in case i), then A = Rx1,x2 where x1, x2 ∈ Spec(R) correspond to the two
maximal ideals {0} ×K, K × {0} of R/m ≃ K ×K and σ is given by
κ(x1)
≃
←− A/m
≃
−→ κ(x2) .
If we are in case ii), then A = Rx,δ where x ∈ Spec(R) corresponds to the maximal
ideal (ε) of R/m ≃ K[ε]/(ε2) and δ is given by
δ : R −→ R/m ≃ K[ε]/(ε2)
δ′
−→ K
where δ′ is the K-derivation that maps ε to 1. If we are in case iii), then A = Rx,k
where x corresponds to the maximal ideal m of R and k is the subfield K of R/m.
This finishes the proof. 
To the authors’ knowledge there is no complete description of the maximal sub-
fields of a given field. Partial results in this direction can be found in [PPL06,
Proposition 2.2]. However, if we restrict ourselves to the case, where R is a finitely
generated algebra over an algebraically closed field and if we consider only subalge-
bras, then we can exclude the construction c). More precisely, we get the following
result.
Corollary 2.0.2. Let k be an algebraically closed field and let R be a finitely gen-
erated k-algebra. Denote X = Spec(R). Then
i) { f ∈ R | f(x1) = f(x2) inside k } (where x1 6= x2 ∈ X are closed points)
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ii) { f ∈ R | Dv(f) = 0 } (where 0 6= v ∈ TxX and x ∈ X is a closed point)
are non-extending maximal k-subalgebras of R. Moreover, every non-extending max-
imal k-subalgebra of R is one of the above.
Proof. For closed points x1 6= x2 ∈ X , it follows by the construction in a) that the
k-subalgebra in i) is equal to Rx1,x2 (we define σ : k → k as the identity). For a
closed point x ∈ X and for a non-zero tangent vector 0 6= v ∈ TxX , it follows by
the construction in b) that the k-subalgebra in ii) is equal to Rx,δ where we define
δ as the k-derivation
Dv : OX,x = mx ⊕ k ·1 −→ mx −→ mx/m
2
x
v
−→ k
and where mx ⊆ OX,x denotes the unique maximal ideal.
Conversely, let A ⊆ R be a non-extending maximal k-subalgebra. By Proposi-
tion 2.0.1, A is one of the maximal subrings of R constructed in a), b) or c). Since
R is a finitely generated k-algebra and since k is algebraically closed, it follows that
the residue field of every closed point of X is k. Since R is a finitely generated A-
module, it follows that X → Spec(A) is surjective, and therefore the residue field of
every closed point of Spec(A) is k. Thus A cannot be one of the maximal subrings
constructed in c). We distinguish two cases.
• A is the maximal subring constructed in a). Then there exist two different
closed points x1 6= x2 in X and an isomorphism σ : κ(x1) → κ(x2) such
that
A = { f ∈ R | σ(f(x1)) = f(x2) } .
Since k ⊆ A, σ commutes with the canonical isomorphisms k ≃ κ(xi). Thus
by identifying κ(xi) with k, the isomorphism σ is the identity.
• A is the maximal subring constructed in b). Then there exist a closed point
x ∈ X and a derivation δ : OX,x → k (that induces a non-zero tangent
vector at x) such that
A = { f ∈ R | δ(f) = 0 } .
Since k ⊆ A, it follows that δ is a k-derivation. There exists a k-linear
isomorphism from TxX to the vector space of k-derivations OX,x → k,
given by v 7→ Dv. Hence, there exists 0 6= v ∈ TxX such that δ = Dv.
This finishes the proof. 
3. Some general considerations about maximal subrings
3.1. Reduction to integral domains. The aim of this subsection is to show that
one can reduce the classification of the extending maximal subrings of a ring R to
the case, where R is an integral domain.
Let p be a minimal prime ideal of R and denote by pi : R → R/p the canonical
projection. If A is an extending maximal subring of R, such that the crucial maximal
ideal contains A ∩ p, then one can easily see, that pi(A) is an extending maximal
subring of R/p. On the other hand, if B is an extending maximal subring of R/p,
then one can easily see pi−1(B) is an extending maximal subring of R and its crucial
maximal ideal contains pi−1(B)∩p. Thus we established a bijective correspondence:

extending maximal subrings A ( R
such that the crucial maximal
ideal contains A ∩ p


1:1
←→
{
extending maximal
subrings of R/p
}
.
Note that for every extending maximal subring A of R there exists a minimal prime
ideal p of R such that the crucial maximal ideal contains A∩p. Thus we are reduced
to the case, where R is an integral domain.
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3.2. Some properties of maximal subrings. In this subsection we gather some
general properties of maximal subrings, that we will constantly use in the course of
this article.
The first lemma says that maximal subrings behave well under localization.
Lemma 3.2.1 (see [FO70, Lemme 1.3]). Let A ⊆ R be a maximal subring and
let S be a multiplicatively closed subset of A. Then the localization AS is either a
maximal subring of the localization RS or AS = RS .
The second lemma gives us the possibility for certain cases to reduce to quotient
rings, while searching for maximal subrings. It is a direct consequence of [FO70,
Lemme 1.4].
Lemma 3.2.2. Let A ⊆ R be a ring extension and let I ⊆ A be an ideal such that
I = IR. Then A is a maximal subring of R if and only if A/I is a maximal subring
of R/I.
In particular, for every ring extension A ⊆ R, the conductor ideal
I = { a ∈ A | aR ⊆ A }
satisfied I = IR. Note that every ideal J of A with J = JR is contained in the
conductor ideal I.
Lemma 3.2.3 (see [FO70, Lemme 3.2]). Let A ( R be an extending maximal
subring. Then the conductor ideal of A in R is a prime ideal of R.
Samuel introduced in [Sam57] the P2-property for ring extensions. This property
will be crucial for our classification result.
Definition 3.2.1. Let A ⊆ R be a subring. We say that A satisfies the property
P2 in R, if for all r, q ∈ R with rq ∈ A we have either r ∈ A or q ∈ A.
Lemma 3.2.4 (see [FO70, Proposition 3.1]). Let A ( R be an extending maximal
subring. Then A satisfies the property P2 in R.
The next lemma shows, that the extending maximal subrings of a field have a
well known characterization. It is a direct consequence of [FO70, Proposition 3.3].
Lemma 3.2.5. Let K be a field and let R ( K be a subring. Then, R is an
extending maximal subring of K if and only if R is a one-dimensional valuation
ring of K.
Let us state and prove the following rather technical lemma for future use.
Lemma 3.2.6. Let C be a Noetherian domain such that the quotient field Q(C) is
not a finitely generated C-algebra. Let A ( C[y] be an extending maximal subring
that contains C and denote by m the crucial maximal ideal of A. Then m ∩C 6= 0.
Proof. Assume that m ∩C = 0. Then we have the following commutative diagram
C //

A
pi

// C[y]
Q(C) // A/m .
As A is a maximal subring of C[y], we have A 6⊆ C and thus there exists f ∈ A
with degy(f) > 0. Let f = fny
n + . . .+ f1y + f0 where fi ∈ C, fn 6= 0. We have
y(fny
n−1 + . . .+ f1) = f − f0 ∈ A .
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Since A satisfies the property P2 in C[y] and since y 6∈ A we get fny
n−1+. . .+f1 ∈ A.
Proceeding in this way it follows that there exists 0 6= c ∈ C such that cy ∈ A. Let
us define the C-algebra homomorphism σ by
σ : C[y] −→ A/m , y 7→
pi(cy)
pi(c)
.
We claim that σ and pi coincide on A. We proceed by induction on the y-degree of
the elements in A. By definition, σ and pi coincide on C, i.e. they coincide on the
elements of y-degree equal to zero. Let g = gny
n+. . .+g1y+g0 ∈ A and assume that
gn 6= 0, n > 0. As before, we get y(gny
n−1+ . . .+g1) ∈ A and gny
n−1+ . . .+g1 ∈ A.
Thus we have
pi(g) = pi(y(gny
n−1 + . . .+ g1)) + pi(g0)
=
pi(cy(gny
n−1 + . . .+ g1))
pi(c)
+ pi(g0)
=
pi(cy)
pi(c)
pi(gny
n−1 + . . .+ g1) + pi(g0)
= σ(y)σ(gny
n−1 + . . .+ g1) + σ(g0)
= σ(g) ,
where we used in the second last equality the induction hypothesis. This proves
the claim. Since pi is surjective, σ is surjective too. Hence there exists a ∈ A/m
which is algebraic over Q(C) such that A/m is generated by a as a C-algebra. Let
h0 + h1x+ . . .+ hmx
m + xm+1 be the minimal polynomial of a over Q(C) and let
C0 = C[h0, . . . , hm] ⊆ Q(C) .
As C is Noetherian, C0 is Noetherian. Moreover, A/m is generated by 1, a, . . . , a
m
as a C0-module. Hence, Q(C) is a finitely generated C0-module. Thus Q(C) is a
finitely generated C-algebra, a contradiction. 
4. The one-dimensional case
Let k be an algebraically closed field. The purpose of this section is to classify
all extending maximal k-subalgebras of a given one-dimensional affine k-domain R.
The key ingredient is the following observation.
Lemma 4.0.1. Let A be a k-subalgebra of the one-dimensional affine k-domain R.
Then either A = k or A is a one-dimensional affine k-domain.
Proof. We can assume that A 6= k. Then there exists a ∈ A \ k, which is transcen-
dental over k. By the Krull-Akizuki-Theorem applied to k[a] ⊆ A, it follows that
A is Noetherian, see for example [Nag75, Theorem 33.2]. By [OY82, Corollary 1.2],
we have
dimA = tr.deg
k
A = 1 .
Let A′ be the integral closure of A in its quotient field. By [Mat86, Theorem 9.3] it
follows that dimA′ = 1. In particular, A′ is equidimensional. [OY82, Theorem 3.2]
implies now, that A is an affine k-domain. 
The next Theorem classifies all extending maximal k-subalgebras of R.
Theorem 4.0.2. Take a projective closure X of the affine curve X = Spec(R)
such that X is non-singular at every point of X \ X (such an X is unique up
to isomorphism). Let U ( X be a proper open subset that contains X and the
complement U \ X is just a single point. Then the image of the map on sections
Γ(U,OU ) → R is an extending maximal k-subalgebra of R and every extending
maximal k-subalgebra of R is of this form.
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Proof. First, note that U ( X is an affine curve, see [Har77, Chp. IV, Ex. 1.4].
Let A ⊆ R be the image of Γ(U,OU ) → R and consider an intermediate ring
A ⊆ B ( R. By Lemma 4.0.1, B is a one-dimensional affine k-domain. Consider
the induced maps
X
f
−→ Spec(B) −→ U .
As this composition is an open immersion, the first map is an open immersion. As
f is not an isomorphism, the complement Spec(B) \ f(X) is non-empty. As U \X
is a single point, this implies that Spec(B) → U is surjective. In fact, since U is
non-singular in U \ X , this map is an isomorphism and thus we get A = B. This
proves that A is an extending maximal k-subalgebra of R.
Conversely, let A ( R be an extending maximal k-subalgebra. By Lemma 4.0.1,
A is an affine k-domain. Let g : X → Spec(A) be the induced map on affine varieties.
It is an open immersion and Spec(A) \X consists only of the crucial maximal ideal
m of A. Consider the birational map
Spec(A)
g−1
99K X −→ X , (2)
which is an open immersion on g(X). We have to show, that this map is an open
immersion on Spec(A). By [FO70, Proposition 3.3], the localization Am is a one-
dimensional valuation ring. Since Am is Noetherian, it is a discrete valuation ring.
Thus Spec(A) is non-singular at m and therefore the birational map (2) is an injec-
tive morphism, which is an open immersion locally at m (note that X is smooth at
every point of X \X). Thus the morphism (2) is an open immersion. 
Example 4.0.1. ConsiderR = k[x, y]/(y−x3+xy2). The closure ofX = Spec(R) ⊆
A2 in P2 consists of the three smooth points
p1 = (0 : 1 : 0) , p2 = (1 : 1 : 0) , p3 = (−1 : 1 : 0) .
The corresponding extending maximal k-subalgebras of R are given by the images
on sections of the following maps (all maps are seen as restrictions of maps A2x,y →
A2s,t)
p1 : X −→ { t− s
4 + t2 } , (x, y) 7−→ (x, xy)
p2 : X −→ { s
2 − t+ 2t2 − ts2 } , (x, y) 7−→ (x− y, (x− y)x)
p3 : X −→ { s
2 − t− 2t2 + ts2 } , (x, y) 7−→ (x+ y, (x+ y)x) .
5. Examples of extending maximal k-subalgebras of k[t, y] that do
not contain a coordinate
It is thus natural to ask, whether all extending maximal k-subalgebras of k[t, y]
contain a coordinate. In this section we construct plenty of examples, which give a
non-affirmative answer to this question. These examples indicate that it is difficult
to classify all maximal subalgebras of k[t, y].
For the construction of these examples we use techniques of birational geom-
etry of surfaces and the classification of extending maximal subalgebras of one-
dimensional affine k-domains. As we fix the algebraically closed field k, we write
Pn for Pn
k
and An for An
k
.
Definition 5.0.1. Let L ⊆ P2 be a line, let p ∈ L be a point and let Γ ⊆ P2 be an
irreducible curve with Γ 6= L which passes through p. We say that Γ is tangent to
L at p of order at least m, if there exists a sequence of blow-ups
Sm
pim−→ Sm−1
pim−1
−→ . . .
pi2−→ S1
pi1−→ P2
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such that pi1 is centered at p, pii is centered at a point on the exceptional divisor
of pii−1 for i = 2, . . . ,m and the strict transforms of L and of Γ under pi1 ◦ · · · ◦ pim
have an intersection point on the exceptional divisor of pim.
The following Lemma is crucial for our construction.
Lemma 5.0.1. Let Γ ⊆ P2 be an irreducible curve and let L 6= Γ be a line in P2.
Fix some p ∈ Γ ∩L. If Γ is tangent to L at p of order at least 2 and if Γ is smooth
at p, then there exists no coordinate f : A2 = P2 \ L → A1 such that the rational
map f |Γ : Γ 99K A
1 is defined at p.
Proof. Let ϕ : P2 99K P2 be a birational map that restricts to an automorphism on
P2 \ L = A2. Let pr : A2 → A1 be the projection given by pr(x, y) = x. We have
to prove that the rational map pr ◦ϕ|Γ : Γ 99K A
1 is not defined at p. Let a ∈ P2
be the image of p under the rational map ϕ|Γ : Γ 99K P
2, which is defined at p
since Γ is smooth at p. We have a ∈ L, since either ϕ contracts the line L to some
point on L or ϕ maps L isomorphically onto itself. If a 6= (0 : 1 : 0), then the map
pr ◦ϕ|Γ : Γ 99K A
1 is not defined at p. Thus we can assume that a = (0 : 1 : 0).
Let σ : Bla(P
2)→ P2 be the blow-up of P2 centered at a. Then, pr ◦ϕ|Γ : Γ 99K A
1
is not defined at p if and only if
Γ ⊆ P2
ϕ
99K P2
σ−1
99K Bla(P
2)
maps p to the intersection point of the exceptional divisor of σ and the strict
transform of L under σ. In other words, we have to prove that ϕ(Γ) is tangent to
L at a of order at least 1.
If ϕ is an automorphism, then the result is obvious, so we can assume that there
exist base-points of ϕ. By [Bla09, Lemma 2.2] there exist birational morphisms
ε : Y → P2 and η : Y → P2 such that the following is satisfied:
• we have η = ϕ ◦ ε;
• no curve of self-intersection −1 of Y is contracted by both, ε and η;
• there are decompositions
ε = ε1 ◦ · · · ◦ εn : Y −→ P
2 and η = η1 ◦ · · · ◦ ηn : Y −→ P
2
where ε1 (respectively η1) is a blow-up centered at a point on L and εi
(respectively ηi) is a blow-up centered at a point on the exceptional divisor
of εi−1 (respectively ηi−1) for i > 1;
• the integer n is greater than or equal to 3;
• the strict transform of L under ε (respectively η) has self-intersection −1.
Let qi−1 be the center of εi and let Ei be the exceptional divisor of εi for i =
1, . . . , n. Moreover, we denote by Li the strict transform of L under εi ◦ · · · ◦ ε1 for
i = 1, . . . , n. Since (Ln)
2 = −1, we see that L passes through q0, that L1 passes
through q1, but Li passes not through qi for i > 1.
By assumption, Γ is tangent to L at p of order at least 2, so there exists a
sequence of blow-ups
S2
pi2−→ S1
pi1−→ P2
such that pi1 is centered at p, pi2 is centered at some point on the exceptional divisor
of pi1 and the strict transforms of L and of Γ under pi1 ◦ pi2 intersect at one point
of the exceptional divisor. Denote this intersection point on S2 by p2. Consider the
birational map
ψ = ε−12 ◦ ε
−1
1 ◦ pi1 ◦ pi2 .
This map is defined at p2 and we denote by p
′
2 its image under ψ. Since p
′
2 ∈ L2
and since q2 6∈ L2 there exists exactly one point r ∈ Ln that is mapped onto p
′
2 via
εn ◦ · · · ◦ ε3 (note that n ≥ 3). Remark that the strict transform of Γ under ε passes
through r.
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Let ri−1 be the center of ηi and let Fi be the exceptional divisor of ηi for i =
1, . . . , n. Since En and Ln are the only curves of self-intersection −1 lying in Y \
ε−1(P2 \ L), it follows that En is the strict transform of L under η and that ηn
contracts Ln i.e. Fn = Ln. Hence we have for i = 2, . . . , n
ηi ◦ · · · ◦ ηn(r) = ri−1 ∈ Fi−1 .
As r ∈ Ln, the curve Ln is contracted by η onto η(r); this point being also the
point where ϕ contracts L, we get η(r) = a ∈ L. Since the strict transform of L
under η has self-intersection −1, it follows that r1 is the intersection point of F1
and the strict transform of L under η1. As the strict transform of Γ under ε passes
through r, its image passes through all the points ri and thus also through r1. So
the curve ϕ(Γ) is tangent to L at a ∈ P2 of order at least 1. 
With this lemma we can construct plenty of examples of extending maximal
k-subalgebras of k[t, y] that do not contain a coordinate of k[t, y].
Let X be an irreducible curve of A2, which is defined by some polynomial f in
k[t, y]. Let Γ be the closure of X in P2. Assume that there exists a smooth point p
on Γ that lies not in X and assume that Γ \X contains more than one point. Then
the ring
A = { h ∈ Γ(X,OX) | h is defined at p }
is an extending maximal k-subalgebra of Γ(X,OX), which is finitely generated over
k, see Theorem 4.0.2 and Lemma 4.0.1. Let a1, . . . , ak ∈ A be a set of generators
and let r1, . . . , rk ∈ k[t, y] be elements such that ri|X = ai. If Γ is tangent to
L = P2 \ A2 at p of order at least 2, then
k[r1, . . . , rk] + f k[t, y]
is an extending maximal k-subalgebra of k[t, y] that does not contain a coordinate
of k[t, y], see Lemma 3.2.2 and Lemma 5.0.1.
6. Classification of maximal subrings of k[t, t−1, y] that contain k[t, y]
The goal of this section is the classification of all maximal subrings of k[t, t−1, y]
that contain k[t, y]. Let us start with a simple example.
Example 6.0.1. By using Lemma 3.2.2 one can see that
A = k[t, y] + (y2 − t)k[t, t−1, y]
is a maximal subring of k[t, t−1, y], which contains k[t, y]. Another description of
this ring is the following
A = B ∩ k[t, t−1, y] , where B = k[t1/2, y] + (y − t1/2)k[t1/2, t−1/2, y] .
By using Lemma 3.2.2, one can see that B is a maximal subring of k[t1/2, t−1/2, y],
which contains k[t1/2, y]. However, the ring B is of a simpler form than A (we
replaced y2 − t by a linear polynomial in y).
The general strategy works in a similar way. First we “enlarge” the coefficients
k[t] to some ring F in such a way, that all maximal subrings of Ft[y] that contain
F [y] have a simple form (in the example, we replaced k[t] by F = k[t1/2]). Then
we prove that the intersection of such a simple maximal subring with k[t, t−1, y]
yields a maximal subring of k[t, t−1, y] that contains k[t, y] and that we receive by
this intersection-process every maximal subring that contains k[t, y].
For the “enlargement” of the coefficients we have to introduce some notation
and terminology.
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6.1. Notation and terminology. Let k be an algebraically closed field (of any
characteristic). We denote by k[[tQ]] the Hahn field over k with exponents in Q, i.e.
the field of all formal power series
α =
∑
s∈Q
ast
s
with coefficients as ∈ k and with the property that the support
supp(α) = { s ∈ Q | as 6= 0 }
is a well ordered subset of Q. There exists a natural valuation on k[[tQ]], namely
ν : k[[tQ]] −→ Q , α 7−→ min supp(α) .
The valuation ring of ν we denote by k[[tQ]]+. More generally, for any subring
B ⊆ k[[tQ]] we denote by B+ the subring of elements with ν-valuation ≥ 0, i.e.
B+ = { b ∈ B | ν(b) ≥ 0 } .
Finally, for any subring A ⊆ k[[tQ]][y] we denote by A1 the subset of degree one
elements, i.e.
A1 = { a ∈ A | degy(a) = 1 } .
6.2. Organisation of the section. In Subsection 6.3, we classify all maximal
subrings of K[y] that contain K+[y] for any algebraically closed field K ⊆ k[[tQ]]
that contains the field of rational functions k(t) and satisfies the so called cutoff-
property (see Definition 6.3.2). For example, the Hahn field k[[tQ]], the Puiseux
field
⋃
n k((t
1/n)) or the algebraic closure of k(t) enjoy the cutoff-property (see
Example 6.3.3).
In Subsection 6.4, we prove that for any maximal subring A ( K[y] containing
K+[y], the intersection A ∩ k[t, t−1, y] is again a maximal subring of k[t, t−1, y].
Moreover, we prove that any maximal subring of k[t, t−1, y] that contains k[t, y]
can be constructed as an intersection like above.
Thus we are left with the question, which of the maximal subrings of K[y] that
contain K+[y] give the same ring, after intersection with k[t, t−1, y]. We give an
answer to this question in Subsection 6.5.
6.3. Classification of maximal subrings ofK[y] that contain K+[y]. Through-
out this subsection, we fix an algebraically closed subfield K ⊆ k[[tQ]] that contains
the field of rational functions k(t).
Proposition 6.3.1. Let K+[y] ⊆ A ( K[y] be an intermediate ring and assume
that A ( K[y] satisfies the property P2 in K[y]. Then A = K
+[A1].
Proof. Let a ∈ A. After multiplying a with a unit of K+, we can assume that
a =
yn
ts
+ lower degree terms in y ,
where s ∈ Q and n ≥ 0 is an integer. We have to show that a ∈ K+[A1]. We proceed
by induction on n. If n = 0, then a ∈ A ∩K = K+. So let us assume n > 0. As K
is algebraically closed and contains t, there exist α1, . . . , αn ∈ K with
a =
(
y − α1
ts/n
)(
y − α2
ts/n
)
· · ·
(
y − αn
ts/n
)
.
Since A ⊆ K[y] satisfies the property P2, we have (y − αi)/(t
s/n) ∈ A for some i.
This implies that
(y − αi)
n
ts
∈ K+[A1] .
Thus q = a− (y − αi)
n/ts ∈ A. By induction hypothesis we have q ∈ K+[A1] and
thus a ∈ K+[A1]. Hence A ⊆ K
+[A1], which implies the result. 
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Lemma 6.3.2. Let K+[y] ⊆ E ( K[y] be a proper subring. Then there exists a
proper subring E′ ( K[y] that satisfies the property P2 and contains E.
Proof. Denote by E˜ ⊆ K[y] the integral closure of E in K[y]. As E 6= K[y], it
follows that tE is a proper ideal of E. In particular, ϕ : Spec(K[y]) → Spec(E) is
nonsurjective. Since Spec(E˜) → Spec(E) is surjective (see [Mat86, Theorem 9.3]),
it follows that E˜ 6= K[y]. Hence there exists an intermediate ring E˜ ⊆ E′ ( K[y]
that satisfies the property P2 in K[y], by [Sam57, The´ore`me 8]. 
Now, we give an application of these two results to maximal subrings. Roughly
speaking, the proposition says, that for rings which are generated by degree one
elements, one can see the maximality already on the level of degree one elements.
Proposition 6.3.3. Let K+[y] ⊆ A ( K[y] be a proper subring that satisfies
A = K+[A1]. Then A is maximal in K[y] if and only if
for all f ∈ K[y] \A of degree 1 we have A[f ] = K[y] . (3)
Proof. Assume that A satisfies (3). Let A ⊆ E ( K[y] be an intermediate ring. We
want to proveA = E. By Lemma 6.3.2, there exists a proper subring E′ ( K[y] that
satisfies the property P2 and contains E. Now, if there would exist f ∈ (E
′)1 \A1,
then we would have by (3)
K[y] = A[f ] ⊆ E′ ⊆ K[y] .
This would imply that E′ = K[y], a contradiction. Thus we have A1 = (E
′)1.
According to Proposition 6.3.1 we have A = E′ and therefore A = E.
The other implication is clear. 
Definition 6.3.1. Let S = { s1 < s2 < . . . } be a strictly monotone sequence in
Q≥0 and let Λ = {α1, α2, . . . } be a sequence in K such that supp(αi) ⊆ [0, si) and
supp(αi+1 − αi) ⊆ [si, si+1) for all i > 0. We call then (S,Λ) an admissible pair of
K. If α is an element of K such that supp(α − αi) ⊆ [si,∞) for all i > 0, then we
call α a limit of the admissible pair (S,Λ).
Lemma 6.3.4. Let (S,Λ) be an admissible pair of k[[tQ]]. Then there exists a limit
in k[[tQ]]. Moreover, if lim si =∞, then α is unique.
Proof. Let αi =
∑
aist
s. Now, we define α =
∑
ast
s, where as = ais for some i
with si > s. One can easily check, that as is well defined. Moreover,
supp(α) =
∞⋃
i=1
supp(αi) and supp(α) ∩ [0, si) = supp(αi) for i = 1, 2, . . .
and thus supp(α) is well ordered. It follows that α ∈ k[[tQ]]+ and that supp(α −
αi) ⊆ [si,∞) for all i > 0. The uniqueness statement is clear. 
Definition 6.3.2. The subfield K ⊆ k[[tQ]] satisfies the cutoff property, if for all
α =
∑
s ast
s ∈ K and for all u ∈ Q we have
∑
s≥u ast
s ∈ K.
Example 6.3.3. An important example of an algebraically closed field inside k[[tQ]]
that contains k(t) and satisfies the cutoff property is the Puiseux field
∞⋃
n=1
k((t1/n)) .
Clearly, the Hahn field k[[tQ]] itself is an example. Another example is the alge-
braic closure of k(t) (inside the Puiseux field). This follows from the fact that∑m
i=−m ait
i/n is algebraic over k(t) where ai ∈ k and n,m ∈ N (it is the sum of
algebraic elements).
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In the next proposition we classify all P2-subrings of K[y] under the additional
assumption, that K satisfies the cutoff property.
Proposition 6.3.5. Assume that K satisfies the cutoff property. Let K+[y] ⊆ E (
K[y]. Then E satisfies the property P2 in K[y] if and only if
E = K+
[{
y − αi
tsi
∣∣ i = 1, 2, . . .
}]
for an admissible pair (S,Λ) of K or E = K+[e] for some element e ∈ K[y] of
degree 1.
Proof. Assume that K+[y] ⊆ E ( K[y] is a subring that satisfies the property P2
in K[y]. We consider the following subset of E1:
N =
{
y − α
ts
∈ E | s ∈ Q>0, α ∈ K and supp(α) ⊆ [0, s)
}
.
Using the fact, that E ∩K = K+ and that K satisfies the cutoff property, one can
see that N has the following two properties:
i) If (y − α)/ts, (y − α′)/ts
′
∈ N and s ≤ s′, then supp(α′ − α) ⊆ [s, s′).
ii) If (y − α)/ts ∈ E, s ∈ Q>0 and α ∈ K, then α ∈ K
+ and there exists n ∈ N ,
such that ((y − α)/ts)− n ∈ K+.
Property ii) of N implies
K+[N, y] = K+[E1] . (4)
Let U ⊆ Q>0 be the set of all s ∈ Q>0 such that there exists α ∈ K
+ with
(y−α)/ts ∈ N . Property i) of N implies that for every s ∈ U there exists a unique
αs ∈ K
+ such that (y − αs)/t
s ∈ N . Now, we make the following distinction.
sup(U) ∈ U : Let u = sup(U). It follows from property i) of N , that (y − αs)/t
s ∈
K+[(y − αu)/t
u] for all s ∈ U . This implies K+[N, y] ⊆ K+[(y −
αu)/t
u]. Clearly, we have K+[(y−αu)/t
u] ⊆ K+[N, y]. With (4) and
Proposition 6.3.1, we get the equality E = K+[(y − αu)/t
u].
sup(U) /∈ U : Let S = { s1 < s2 < . . . } be a sequence in U such that lim si =
sup(U). If we set αi = αsi and Λ = {α1, α2, . . . }, then (S,Λ) is an
admissible pair. Let s ∈ U . As sup(U) /∈ U , there exists i with si > s.
With property i) of N , we get now (y − αs)/t
s ∈ K+[(y − αi)/t
si ].
Thus K+[N, y] is generated over K+ by (y−αi)/t
si , i = 1, 2, . . . . By
(4) and Proposition 6.3.1 we get K+[N, y] = K+[E1] = E.
Thus E has the claimed form.
Now, we prove that K+[e] satisfies the property P2 in K[y], provided that e ∈
K[y] has degree 1. By applying a K-algebra automorphism of K[y], we can assume
that e = y. Consider the following extension of the valuation ν|K on K to K[y]
µ : K[y] −→ Q , f0 + . . .+ fny
n 7−→ min{ν(f0), . . . , ν(fn)} ,
which extends (uniquely) to K(y). Then K+[y] is exactly the set of elements in
K[y] with µ-valuation ≥ 0. From this it follows readily that K+[y] satisfies the
property P2 in K[y].
Now, let (S,Λ) be an admissible pair of K. Then
K+
[{
y − αi
tsi
∣∣ i = 1, 2, . . .
}]
satisfies the property P2 in K[y] as it is the union of the increasing P2-subrings
K+
[
y − α1
ts1
]
⊆ K+
[
y − α2
ts2
]
⊆ · · · .

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With this classification result at hand, we can now achieve a classification of all
maximal subrings of K[y] that contain K+[y].
Proposition 6.3.6. Assume that K satisfies the cutoff property. Let (S,Λ) be an
admissible pair of K. Assume that either lim si = ∞ or (S,Λ) has no limit in K.
Then
K+
[{
y − αi
tsi
∣∣ i = 1, 2, . . .
}]
(5)
is a maximal subring of K[y] that containsK+[y]. On the other hand, every maximal
subring of K[y] that contains K+[y] is of this form.
Proof. Let B ⊆ K[y] be the ring of (5). We claim that B 6= K[y]. Otherwise, there
exists i such that 1/t ∈ K+[(y−αi)/t
si ], as (S,Λ) is an admissible pair. This would
imply 1/t ∈ K+, a contradiction.
Note, that we have B = K+[B1]. Thus, according to Proposition 6.3.3 it is
enough to show, that B[f ] = K[y] for all f ∈ K[y]\B of degree 1. Up to multiplying
f with a unit of K+, we can assume that f = (y−α)/ts for some α ∈ K and s ∈ Q.
First, assume that s < lim si. Hence there exists i with s < si. Thus we have
αi − α
ts
=
y − α
ts
−
y − αi
ts
∈ K[y] \B .
So this last element lies in K \ K+. Hence we have B[f ] = K[y]. Now, assume
s ≥ lim si (and thus lim si is finite). As (S,Λ) has no limit in K, there exists i such
that supp(α− αi) is not contained in [si,∞). Thus,
y − α
tsi
−
y − αi
tsi
=
αi − α
tsi
∈ K \K+ ,
and hence we get B[f ] = K[y] again.
Now, let A ( K[y] be a maximal subring that contains K+[y], which must be an
extending maximal subring. By Lemma 3.2.4, A ⊆ K[y] satisfies the property P2.
Since K+[e] ⊆ K[y] is not a maximal subring for all e ∈ K[y] of degree 1, it follows
from Proposition 6.3.5 that there exists an admissible pair (S,Λ), such that
A = K+
[{
y − αi
tsi
∣∣ i = 1, 2, . . .
}]
.
It remains to prove that lim si =∞ or (S,Λ) has no limit in K. Assume towards a
contradiction that s = lim si < ∞ and α ∈ K is a limit of (S,Λ). Then, it follows
that A ⊆ K+[(y − α)/ts]. As K+[(y − α)/ts] is certainly not a maximal subring of
K[y], we get a contradiction. This finishes the proof. 
Remark 6.3.4. Let A be the maximal subring (5) in the Proposition 6.3.6. We
describe the crucial maximal ideal of A. Let n ⊆ K+ be the unique maximal ideal.
In fact, n =
∑
q∈Q>0
tqK+. For i ∈ N, let α′i = αi + t
siai+1 where ai+1 ∈ k
denotes the coefficient of tsi in αi+1. Thus A is generated over K
+ by the elements
(y − α′i)/t
si . We have the following inclusion of ideals in A
n+
∞∑
i=0
y − α′i
tsi
A ⊆
∑
q∈Q>0
tqA .
As every element of A is an element of k ·1 modulo the left hand ideal and the right
hand ideal is proper in A, these ideals are the same. It follows, that this ideal is
maximal, has residue field k and it is the crucial maximal ideal.
Proposition 6.3.7. For α ∈ K+, the ring K++(y−α)K[y] is a maximal subring
of K[y] that contains K+[y], with non-zero conductor ideal (y−α)K[y]. Moreover,
all maximal subrings K+[y] ⊆ A ( K[y] with non-zero conductor are of this form.
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Proof. The first statement follows from Lemma 3.2.2. For the second statement,
let K+[y] ⊆ A ( K[y] be a maximal subring and assume there exists 0 6= f ∈ A
such that fK[y] ⊆ A. We can assume that f is monic in y. Let f = f1 · · · fk be
the decomposition of f into monic linear factors inside K[y]. As A ⊆ K[y] satisfies
the property P2, for all n ∈ N there exists i = i(n) such that fi/(t
n/k) ∈ A. This
implies that there exists i such that fi/t
n ∈ A for all n ∈ N. Let fi = y−αi. Hence,
K+[y] + (y − αi)K[y] ⊆ A. Since A ( K[y] is a proper subring, we get αi ∈ K
+
and thus A = K+ + (y − αi)K[y]. 
Remark 6.3.5. Assume that K satisfies the cutoff property. Let A ⊆ K[y] be a
maximal subring that contains K+[y], I ⊆ K[y] the conductor ideal of A in K[y]
(which could be zero), and let m ⊆ A be the crucial maximal ideal. By [FO70,
Proposition 3.3], the localization (A/I)m is a one-dimensional valuation ring. Let
(S,Λ) be an admissible pair in K such that A is generated over K+ by (y−αi)/t
si
for i = 1, 2, . . . , see Proposition 6.3.6. Let α ∈ k[[tQ]]+ be a limit of (S,Λ), which
is not unique (however, it exists by Lemma 6.3.4). Using Proposition 6.3.6 and
Proposition 6.3.7 one can check that the K-homomorphism
K[y]/I −→ k[[tQ]] , f 7−→ f(α)
is injective. Hence,
ω : Q(K[y]/I) −→ Q , f 7−→ ν(f(α))
is a valuation on the quotient field of K[y]/I. With the aid of Remark 6.3.4 one can
see, that the valuation on (A/I)m is given by ω. In particular we have for f ∈ K[y]
f ∈ A ⇐⇒ ω(f¯) ≥ 0 ,
where f¯ denotes the residue class modulo I. Moreover, we get for the crucial max-
imal ideal
f ∈ m ⇐⇒ ω(f¯) > 0 .
This characterization of A and m will be very important for us.
As a consequence of Proposition 6.3.6 and Lemma 6.3.4 we can now classify all
the maximal subrings of k[[tQ]][y] which contain k[[tQ]]+[y].
Corollary 6.3.8. If K = k[[tQ]], then for all α ∈ K+ the ring
K+
[{
y − α
ts
∣∣ s = 1, 2, . . .
}]
is maximal in K[y] and contains K+[y]. On the other hand, every maximal subring
of K[y] that contains K+[y] is of this form.
Remark 6.3.6. The maximal subring of K[y] in Corollary 6.3.8 is the ring K+ +
(y − α)K[y]. Its crucial maximal ideal is n + (y − α)K[y], where n ⊆ K+ denotes
the unique maximal ideal.
With Proposition 6.3.6 and Proposition 6.3.7 at hand, we can now give another
description of the maximal subrings of K[y] that contain K+[y] in the case where
K is the algebraic closure of k(t). We just want to stress the following definition in
advance.
Definition 6.3.7. A subset S of Q is called a strictly increasing sequence if there
exists an isomorphism of the natural numbers to S that preserves the given orders.
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Proposition 6.3.9. Let K be the algebraic closure of k(t) inside k[[tQ]] and let S
be the set of α ∈ k[[tQ]]+ such that supp(α) is contained in a strictly increasing
sequence. Then we have bijections
Ξ1 : K
+ −→
{
maximal subrings of K[y] with
non-zero conductor that contain K+[y]
}
Ξ2 : S \K
+ −→
{
maximal subrings of K[y] with
zero conductor that contain K+[y]
}
given by
Ξ1(α) = K
+ + (y − α)K[y] and Ξ2(β) = K
+
[{
y − βi
tsi
∣∣ i ∈ N
}]
where { s1 < s2 < . . . } = supp(β) and βi is the sum of the first i − 1 non-zero
terms of β.
Proof. Proposition 6.3.7 implies that Ξ1 is bijective.
Let β ∈ S \K+ and let S = { s1 < s2 < . . . }, Λ = { β1, β2, . . . }. Then (S,Λ)
is an admissible pair and β is a limit of it. Since β 6∈ K+ and since K satisfies the
cutoff property, there exists no limit of (S,Λ) in K+. Hence, by Proposition 6.3.6
the subring Ξ2(β) is maximal in K[y]. Thus Ξ2 is well-defined.
Let A ⊆ K[y] be a maximal subring with zero conductor that contains K+[y].
By Proposition 6.3.6 there exists an admissible pair (S′,Λ′) in K such that
A = K+
[{
y − β′i
ts
′
i
∣∣ i ∈ N
}]
where S′ = { s′1 < s
′
2 < . . . } and Λ
′ = { β′1, β
′
2, . . . }, and either lim s
′
i = ∞
or (S′,Λ′) has no limit in K. If (S′,Λ′) has a limit in K, then the conductor of
A ⊆ K[y] is non-zero. Thus (S′,Λ′) has no limit in K. Since K is the algebraic
closure of k(t), the support supp(β′i) is finite for all i. Hence the pair (S
′,Λ′) has a
limit β′ inside S \K+. Moreover, this limit satisfies Ξ2(β
′) = A, which proves the
surjectivity of Ξ2.
Let γ1, γ2 ∈ S \K
+ such that Ξ2(γ1) = Ξ2(γ2) and denote this ring by D. For
k = 1, 2, let { sk1 < sk2 < . . . } = supp(γk) and let γki ∈ K be the sum of the first
i − 1 non-zero terms of γk. Let i > 0 be an integer. Without loss of generality we
can assume that s1i ≤ s2i. Since (y − γki)/t
ski ∈ D for k = 1, 2, it follows that
γ2i − γ1i
ts1i
=
y − γ1i
ts1i
−
y − γ2i
ts1i
∈ D ∩K = K+ .
Hence γ2i = γ1i+ t
s1iη where η ∈ K+. However, since supp(γ1i) and supp(γ2i) have
the same number of elements, it follows that η = 0. Thus γ1i = γ2i for all i. This
implies that γ1 = γ2 and hence Ξ2 is injective. 
6.4. Description of all maximal subrings of k[t, t−1, y] that contain k[t, y]
by “intersection”. In this subsection we still fix an algebraically closed subfield
K ⊆ k[[tQ]] that contains the field of rational functions k(t). Moreover, we fix a
subring L ⊆ K that contains k[t, t−1]. Recall that L+ (respectively K+) denotes
the elements in L (respectively K) of ν-valuation ≥ 0.
Lemma 6.4.1. The ring extension L+ ⊆ K+ is flat.
Proof. Let n be the unique maximal ideal of the valuation ring K+. This ideal
consists of all elements in K with ν-valuation > 0. Denote by L′ the localization
(L+)n∩L+ . We show that K
+ is a flat L′-module, which implies then the result.
Clearly,K+ is a torsion-free L′-module. By [Bou72, Chp. I, §2, no. 4, Proposition 3],
it is thus enough to prove that L′ is a valuation ring.
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Let g, h ∈ L+ and assume that g 6= 0, ν(h/g) ≥ 0. As the value group of ν is Q,
there exist integers a ≥ 0, b > 0 such that ν(g) = a/b. Thus we get
ν
(
hgb−1
ta
)
≥ 0 and ν
(
gb
ta
)
= 0
and therefore hgb−1/ta ∈ L+, gb/ta ∈ L+ \ n. This implies h/g ∈ L′. Hence, L′ is a
valuation ring (with valuation ν|Q(L+)). 
Our first result says that one can construct every maximal subring of L[y] that
contains L+[y] by intersecting L[y] with some maximal subring ofK[y] that contains
K+[y] under a certain assumption.
Proposition 6.4.2. Assume that L+ is a maximal subring of L. If L+[y] ⊆ B (
L[y] is a maximal subring, then there exists a maximal subring K+[y] ⊆ A ( K[y]
such that B = A ∩ L[y].
Remark 6.4.1. The assumption, that L+ is a maximal subring of L is satisfied for
example if L = k[t, t−1] or L = k(t).
Proof. Let M be the L+-module L[y]/B. By assumption, M is non-zero. In fact,
since L+ is a maximal subring of L, we have an injection
L+/tL+ −→M , λ 7−→ λt−1 .
Since K+ is a flat L+-module (see Lemma 6.4.1), we get an injection
K+/tK+ ≃ K+ ⊗L+ (L
+/tL+) −→ K+ ⊗L+ M .
Thus K+ ⊗L+ M is non-zero. Again, since K
+ is a flat L+-module, this implies
that
K+ ⊗L+ B ( K
+ ⊗L+ L[y] .
Therefore, K+[B] is a proper subring of K[y], which contains K+[y]. Applying
Zorn’s Lemma to
{A ⊆ K[y] | A ⊇ K+[B] and t−1 6∈ A }
yields a maximal subring A in K[y] that lies over K+[B]. Thus B = A ∩ L[y]. 
In the next proposition we prove that any maximal subring of K[y] that lies over
K+[y] gives a maximal subring of L[y] after intersection with L[y].
Proposition 6.4.3. Assume that K satisfies the cutoff property. Let K+[y] ⊆ A (
K[y] be a maximal subring and let B = A ∩ L[y]. Then
i) If I denotes the conductor ideal of A in K[y], then I ∩B is the conductor ideal
of B in L[y].
ii) The subring B ( L[y] is maximal. Moreover, if m denotes the crucial maximal
ideal of A, then m ∩ L[y] is the crucial maximal ideal of B.
Proof.
i) Let b ∈ I ∩ B. Then bL[y] ⊆ A ∩ L[y] = B. Thus b lies in the conductor of B
in L[y]. Now, let f ∈ B be an element of the conductor of B in L[y]. Then we
have fL[y] ⊆ B and in particular, f/tn ∈ B ⊆ A for all n ∈ N. As K[y] = At,
this implies that fK[y] ⊆ A. Thus f ∈ I ∩B.
ii) Let I ⊆ K[y] be the conductor ideal of A in K[y]. By i) the intersection
J = I ∩ B is the conductor ideal of B in K[y]. Let m ⊆ A be the crucial
maximal ideal and let n = m ∩B. We divide the proof in several steps
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a) We claim that (B/J)n is a one-dimensional valuation ring. Since (A/I)m is
a one-dimensional valuation ring (see [FO70, Proposition 3.3]), it is enough
to prove that
(B/J)n = (A/I)m ∩Q(L[y]/J)
inside Q(K[y]/I) (see also [Mat86, Theorem 10.7]). Let g, h ∈ L[y]/J be
non-zero elements and assume that h/g ∈ (A/I)m. Thus it follows for the
valuation ω defined in Remark 6.3.5 that ω(h/g) ≥ 0. There exist integers
a, b such that ω(g) = a/b and we can assume that b > 0. Thus we have
ω(gb/ta) = 0. Since ω(h) ≥ ω(g) we get ω(hgb−1/ta) ≥ 0. Thus gb/ta and
hgb−1/ta both lie inside A/I. Using the fact that
B/J = A/I ∩ L[y]/J ⊆ K[y]/I
we get
h
g
=
h · (gb−1/ta)
gb/ta
∈ (B/J)n .
Thus we have (A/I)m ∩ Q(L[y]/J) = (B/J)n. Note that the reasoning is
similar to the proof of Lemma 6.4.1.
b) We claim that the complement of the image of SpecL[y] → SpecB is just
the point n. By Remark 6.3.4, the residue field of the crucial maximal ideal
m ⊆ A is k and thus n is a maximal ideal of B. Let b ∈ n. By Remark 6.3.4
we have m = rad(tA) and thus there exists an integer q ≥ 1 such that
bq ∈ tA. Therefore bq/t ∈ A. Since bq/t ∈ L[y], we get bq ∈ tB. Thus we
proved n ⊆ rad(tB). If p ⊆ B is a prime ideal such that pL[y] = L[y], then
we get t ∈ p (since Bt = L[y]). Thus we have n ⊆ rad(tB) ⊆ p and by the
maximality of n we get n = p.
c) Now, we prove that B/J is a maximal subring of L[y]/J . Let C ( L[y]/J
be a subring that lies over B/J . Using b), the fact that J ⊆ n and that
(B/J)t = L[y]/J , we get the following commutative diagram
SpecC
ϕ
((◗◗
◗◗
◗◗
◗◗
◗◗
◗◗
SpecL[y]/J
≃ //
6≃
66♠♠♠♠♠♠♠♠♠♠♠♠♠
(SpecB/J) \ {n}
 
open
// SpecB/J .
From this, one can easily deduce that ϕ is surjective. Let p ∈ SpecC
with ϕ(p) = n. By a) and Lemma 3.2.5, (B/J)n is a maximal subring of
Q(L[y]/J). Since t ∈ p, this implies (B/J)n = Cp. Hence we have B/J = C
by [Mat86, Theorem 4.7].
From c) and from Lemma 3.2.2 it follows that B is a maximal subring of L[y]. From
b) it follows that n = m ∩ L[y] is the crucial maximal ideal of B. 
Remark 6.4.2. If the conductor ideal of A in K[y] is non-zero, then there exists
α ∈ K+ such that this ideal is (y − α)K[y]. Now, if L is a field and L ⊆ K an
algebraic field extension, then the conductor of B = A ∩ L[y] is the ideal mαL[y]
where mα ∈ L[y] is the minimal polynomial of α over L.
In the future we will need the following consequence of the last two propositions.
Corollary 6.4.4. We have a bijective correspondence
ϕ :


maximal subrings of
k[t, t−1, y] that contain
k[t, y]


1:1
−→


maximal subrings of
k(t)[y] that contain
k(t)+[y]


given by ϕ(B) = BS and ϕ
−1(A) = A∩ k[t, t−1, y], where S denotes the multiplica-
tive subset k[t] \ (t) of k[t].
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Proof. LetB ( k[t, t−1, y] be a maximal subring that contains k[t, y]. By Lemma 3.2.1,
the localization BS is a maximal subring of k[t, t
−1, y]S , since S = k[t] \ (t). More-
over, we have
B ⊆ BS ∩ k[t, t
−1, y] ( k[t, t−1, y]
and thus by the maximality of B we get the equality B = BS ∩ k[t, t
−1, y]. This
proves the injectivity of ϕ.
Let A ( k(t)[y] be a maximal subring that contains k(t)+[y]. By Proposi-
tion 6.4.2 there exists a maximal subringK+[y] ⊆ A′ ⊆ K[y] such that A′∩k(t)[y] =
A. By Proposition 6.4.3, it follows that A ∩ k[t, t−1, y] is a maximal subring of
k[t, t−1, y]. Clearly, A ∩ k[t, t−1, y] contains k[t, y]. Moreover,
(A ∩ k[t, t−1, y])S ⊆ A
and by the maximality of (A∩k[t, t−1, y])S we get equality. This proves the surjec-
tivity of ϕ. 
6.5. Classification of the maximal subrings of k[t, t−1, y] that contain k[t, y].
Throughout this subsection K denotes the algebraic closure of k(t) inside the Hahn
field k[[tQ]]. In this subsection we give a classification of all maximal subrings of
k[t, t−1, y] that contain k[t, y].
Let α be in k[[tQ]]+. In this subsection we denote
Aα = k[[t
Q]]+ + (y − α)k[[tQ]][y] .
Thus α 7→ Aα is a bijective correspondence between k[[t
Q]]+ and the maximal
subrings of k[[tQ]][y] that contain k[[tQ]]+[y] by Corollary 6.3.8 and Remark 6.3.6.
Let (Q/Z)∗ be the group of group homomorphisms Q/Z → k∗. There exists a
natural action of this group on the Hahn field, given by the homomorphism
(Q/Z)∗ −→ Aut(k[[tQ]]/k((t))) , σ 7−→

∑
s∈Q
ast
s 7→
∑
s∈Q
asσ(s)t
s

 , (6)
where Aut(k[[tQ]]/k((t))) denotes the group of field automorphisms of k[[tQ]] that
fix the subfield k((t)) pointwise (note that k((t)) ⊆ k[[tQ]] is a Galois extension
if and only if the characteristic of k is zero). The action (6) commutes with the
valuation ν on k[[tQ]]. In particular we have for all σ ∈ (Q/Z)∗ and for all α ∈
k[[tQ]]+
Aα ∩ k[t, t
−1, y] = Aσ(α) ∩ k[t, t
−1, y] .
The following result is the main theorem of this section.
Theorem 6.5.1. Let S be the set of α ∈ k[[tQ]]+ such that supp(α) is contained
in a strictly increasing sequence (see Definition 6.3.7). Then we have a bijection
Ψ: S /(Q/Z)∗ −→
{
maximal subrings of
k[t, t−1, y] that contain k[t, y]
}
, α 7−→ Aα ∩ k[t, t
−1, y] .
Moreover, Ψ(α) has non-zero conductor in k[t, t−1, y] if and only if α ∈ K+ where
K denotes the algebraic closure of k(t) inside the Hahn field k[[tQ]].
For the proof we need some preparation. First, we reformulate the action of
(Q/Z)∗ on the Hahn field. Let k(tQ) be the subfield of the Hahn field generated by
the ground field k and the elements ts, s ∈ Q. Then, (Q/Z)∗ is isomorphic to the
group Aut(k(tQ)/k(t)) of field automorphisms of k(tQ) that fix k(t) pointwise. An
isomorphism is given by
(Q/Z)∗ −→ Aut(k(tQ)/k(t)) , σ 7−→ (ts 7→ σ(s)ts) ,
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and the homomorphism (6) identifies then under this isomorphism with
Aut(k(tQ)/k(t)) −→ Aut(k[[tQ]]/k((t))) , ϕ 7−→

∑
s∈Q
ast
s 7→
∑
s∈Q
asϕ(t
s)


(note that ϕ(ts) is a multiple of ts with some element of k∗). For proving the
injectivity of the map Ψ in Theorem 6.5.1 we need two lemmas.
Lemma 6.5.2. Let q ∈ Q≥0 and let α, α
′ ∈ k[[tQ]]+. Assume that we have decom-
positions
α = α0 + α1 , α
′ = α0 + ct
q + α′1 with α0, α1, α
′
1 ∈ k[[t
Q]] , c ∈ k
such that
supp(α0) ⊆ [0, q] , supp(α1) , supp(α
′
1) ⊆ (q,∞) , supp(α0) is finite .
If ν(f(α)) = ν(f(α′)) for all f ∈ k(t)[y], then α0 + ct
q = σ(α0) for some σ ∈
Aut(k(tQ)/ k(t)).
Proof. Let m0 ∈ k(t)[y] be the minimal polynomial of α0 over k(t). Note that α0 is
algebraic over k(t) since the support of α0 is a finite set. Denote by α0 = β0, . . . , βr
the different elements of the set
{ σ(α0) | σ ∈ Aut(k(t
Q)/k(t)) } .
As the field extension k(t) ⊆ k(tQ) is normal, there exist integers k0 > 0 and
k1, . . . , kr ≥ 0 such that
m0 = (y − β0)
k0(y − β1)
k1 · · · (y − βr)
kr ,
see [Mor96, Theorem 3.20]. Assume towards a contradiction that α0 + ct
q 6= βj for
all 0 ≤ j ≤ r. Let i be an integer with 1 ≤ i ≤ r. Since ν(α0 − βi) ≤ q, we get
ν(α1 + α0 − βi) = ν(α0 − βi)
= ν(ctq + α0 − βi)
= ν(α′1 + ct
q + α0 − βi)
where we used in the second and third equality the fact that ctq + α0 6= βi. Since
α0 = β0 6= α0 + ct
q, the constant c is non-zero. Thus we have ν(α1) > ν(α
′
1 + ct
q).
In summary we get
ν(m0(α)) = k0ν(α1) +
∑
i6=0
kiν(α1 + α0 − βi)
> k0ν(α
′
1 + ct
q) +
∑
i6=0
kiν(α
′
1 + ct
q + α0 − βi) = ν(m0(α
′))
and thus we arrive at a contradiction. 
Lemma 6.5.3. Let α, α′ ∈ k[[tQ]]+ and assume that supp(α), supp(α′) are con-
tained in strictly increasing sequences (see Definition 6.3.7). Then ν(f(α)) = ν(f(α′))
for all f ∈ k(t)[y] if and only if there exists σ ∈ Aut(k(tQ)/ k(t)) such that
α′ = σ(α).
Proof. Assume that ν(f(α)) = ν(f(α′)) for all f ∈ k(t)[y]. By assumption, there
exists a strictly increasing sequence 0 < s1 < s2 < . . . in Q such that
α = a0 +
∞∑
j=1
asj t
sj and α′ = a′0 +
∞∑
j=1
a′sj t
sj .
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For i ≥ 1 let
αi = a0 +
i−1∑
j=1
asj t
sj and α′i = a
′
0 +
i−1∑
j=1
a′sj t
sj .
We define inductively σ1, σ2, . . . ∈ Aut(k(t
Q)/k(t)) such that σi(αi) = α
′
i.
Since ν(α − a0) = ν(α
′ − a0) by assumption, it follows that a
′
0 = a0. Hence
σ1 = id satisfies σ1(α1) = α
′
1. Assume that σi ∈ Aut(k(t
Q)/k(t)) with σi(αi) = α
′
i
is already constructed. For all f ∈ k(t)[y] we have
ν(f(σi(α))) = ν(σi(f(α))) = ν(f(α)) = ν(f(α
′)) .
Since α′i = σi(αi), Lemma 6.5.2 implies that there exists ϕ ∈ Aut(k(t
Q)/k(t)) such
that α′i+1 = ϕ(σi(αi+1)). Thus we can define σi+1 = ϕ ◦ σi.
By construction, σi+1 and σi coincide on the field
Ki = k ({ t
s | s ∈ supp(αi) }) .
Thus we get a well defined automorphism of the field
⋃∞
i=0Ki that restricts to
σi on Ki. By the normality of the extension k(t) ⊆ k(t
Q) we we can extend this
automorphism to an automorphism σ of k(tQ) and we have σ(α) = α′ (see [Mor96,
Theorem 3.20]).
The converse of the statement is clear. 
Proof of Theorem 6.5.1. Consider the bijections
Ξ1 : K
+ −→
{
maximal subrings of K[y] with
non-zero conductor that contain K+[y]
}
Ξ2 : S \K
+ −→
{
maximal subrings of K[y] with
zero conductor that contain K+[y]
}
.
of Proposition 6.3.9. For α ∈ K+ and β ∈ S \K+ we have
Ξ1(α) ∩ k[t, t
−1, y] = Ψ(α) and Ξ2(β) ∩ k[t, t
−1, y] = Ψ(β) .
Using Proposition 6.4.3 and Remark 6.4.2 we see that Ξ1(α)∩k[t, t
−1, y] is a max-
imal subring of k[t, t−1, y] with non-zero conductor and Ξ2(β) ∩ k[t, t
−1, y] is a
maximal subring of k[t, t−1, y] with zero conductor. Thus Ψ is a well-defined map.
Using Proposition 6.4.2, we see that Ψ is surjective.
For proving the injectivity, let α1, α2 ∈ S such that the rings Aα1 ∩ k[t, t
−1, y],
Aα2 ∩ k[t, t
−1, y] are the same subsets of k[t, t−1, y]. For i = 1, 2, Aαi ∩ k(t)[y] is
a maximal subring of k(t)[y], see Proposition 6.4.3. By Corollary 6.4.4, we get the
equality
Aα1 ∩ k(t)[y] = Aα2 ∩ k(t)[y] .
Let B = Aα1 ∩k(t)[y] = Aα2 ∩k(t)[y]. Let n be the crucial maximal ideal of B and
let J be the conductor ideal of B in k(t)[y]. With Remark 6.3.5 we get for i = 1, 2
B = { f ∈ k(t)[y] | ωi(f¯) ≥ 0 } and n = { f ∈ k(t)[y] | ωi(f¯) > 0 } ,
where f¯ denotes the residue class modulo J and ωi denotes the valuation
ωi : Q(k(t)[y]/J) −→ Q , g 7−→ ν(g(αi)) .
By [FO70, Proposition 3.3], (B/J)n is a one-dimensional valuation ring of the field
Q(k(t)[y]/J) and therefore it is a maximal subring ofQ(k(t)[y]/J), see Lemma 3.2.5.
The description above of B and n implies that (B/J)n is the valuation ring with
respect to ω1 and with respect to ω2. Therefore, the valuations ω1, ω2 are the same
up to an order preserving isomorphism of (Q,+, <). However, since ω1(t) = 1 =
ω2(t), these valuations must then be the same. Thus by Lemma 6.5.3 there exists
σ ∈ Aut(k(tQ)/k(t)) such that α1 = σ(α2). This proves the injectivity of Ψ. 
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7. Classification of the maximal k-subalgebras of k[t, t−1, y]
The goal of this section is to classify all maximal k-subalgebras of k[t, t−1, y]. In
fact, we reduce this problem in this section to another classification result, which
we will solve then in the next section.
Proposition 7.0.1. Let A ⊆ k[t, t−1, y] be an extending maximal k-subalgebra.
Then, exactly one of the following cases occur:
i) There exists and automorphism σ of k[t, t−1, y] such that σ(A) contains k[t, y];
ii) A contains k[t, t−1].
Proof of Proposition 7.0.1. Note that A satisfies the property P2 in k[t, t
−1, y], see
Lemma 3.2.4. Since t · t−1 = 1 ∈ A, it follows that either t ∈ A or t−1 ∈ A.
Assume that we are not in case ii), i.e. assume that k[t, t−1] is not contained in
A. By applying an appropriate automorphism of k[t, t−1, y], we can assume that
t ∈ A and hence t−1 6∈ A. Therefore we get At = A[t
−1] = k[t, t−1, y], since A is
maximal. This implies that there exists an integer k ≥ 0 such that tky ∈ A. Thus
the k[t, t−1]-automorphism
σ : k[t, t−1, y] −→ k[t, t−1, y] , y 7−→ t−ky
satisfies y ∈ σ(A). Hence we get σ(A) ⊇ k[t, y] and therefore we are in case i). 
The extending maximal k-subalgebras in case i) of Proposition 7.0.1 are then
described by Theorem 6.5.1. Thus we are left with the description of the extending
maximal k-subalgebras in case ii). In fact, they can be characterized in the following
way:
Proposition 7.0.2. There is a bijection
Φ:


extending maximal
k-subalgebras of k[t, t−1, y]
that contain k[t, t−1]

 −→


extending maximal
k-subalgebras of k[t, y] that
contain k[t] and t lies not in
the crucial maximal ideal


given by Φ(A) = A ∩ k[t, y].
Proof. Let A be an extending maximal k-subalgebra of k[t, t−1, y] that contains
k[t, t−1]. By Lemma 3.2.6, there exists λ ∈ k∗ such that t − λ lies in the crucial
maximal ideal m of A. Thus At−λ = k[t, t
−1, y]t−λ. Hence there exists k ≥ 1 such
that (t− λ)ky ∈ A and thus we get
k[t, t−1, (t− λ)ky] ⊆ A ( k[t, t−1, y] .
This implies
k[t, (t− λ)ky] ⊆ A ∩ k[t, y] ( k[t, y] .
We claim, that A∩k[t, y] is a maximal subring of k[t, y]. Let therefore A∩k[t, y] ⊆
B ⊆ k[t, y] be an intermediate ring. Thus we get
B = Bt−λ ∩Bt ⊇ k[t, y] ∩Bt ⊇ B .
One can check that A = (A ∩ k[t, y])t. Since A is maximal in k[t, t
−1, y], we get
either Bt = A or Bt = k[t, t
−1, y] and the claim follows. This proves that Φ is
well-defined and injective.
Let A′ be an extending maximal k-subalgebra of k[t, y] that contains k[t] and the
crucial maximal ideal does not contain t. By Lemma 3.2.1 it follows that A′t is an
extending maximal k-subalgebra of k[t, t−1, y] that contains k[t, t−1]. Moreover, we
have A′t ∩ k[t, y] = A by the maximality of A in k[t, y]. This proves the surjectivity
of Φ. 
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After this proposition, one is now reduced to the problem of the description of
all maximal k-subalgebras of k[t, y] that contain k[t].
8. Classification of the maximal k-subalgebras of k[t, y] that contain
k[t]
Let M be the set of extending maximal k-subalgebras of k[t, y] that contain
k[t]. The goal of this section is to describe the set M with the aid of the classi-
fication result Theorem 6.5.1. For this we introduce a subset N of the maximal
k-subalgebras of k[t, y, y−1] that contain k[t, y−1].
Remark 8.0.1. If A is an extending maximal k-subalgebra of k[t, y, y−1] that con-
tains k[t, y−1], then the residue field of the crucial maximal ideal is isomorphic to
k, by Remark 6.3.4 and Theorem 6.5.1. Hence there exists a unique λ ∈ k such
that t− λ lies in the crucial maximal ideal of A.
Define N to be the set of extending maximal k-subalgebras A of k[t, y, y−1] that
contain k[t, y−1] and such that
A −→ k[t, y, y−1]/(t− λ) (7)
is surjective where λ denotes the unique element in k such that the crucial maximal
ideal contains t− λ (see Remark 8.0.1). Now, we can formulate the main result of
this section.
Theorem 8.0.1. The map Θ: N → M , A 7→ A ∩ k[t, y] is bijective.
Remark 8.0.2. As we classified already all maximal subrings of k[t, y, y−1] that
contain k[t, y−1] (see Theorem 6.5.1), Theorem 8.0.1 gives us a description of all
extending maximal k-subalgebras of k[t, y] that contain a coordinate of k[t, y] (up
to automorphisms of k[t, y]).
Remark 8.0.3. Lemma 3.2.6 implies the following: If A is an extending maximal
k-subalgebra of k[t, y] which contains k[t], then there exists a unique λ ∈ k such
that t − λ lies in the crucial maximal ideal of A. Thus M is the disjoint union of
the sets
M λ = {A ∈ M | t− λ lies in the crucial maximal ideal of A } , λ ∈ k .
By Remark 8.0.1, N is the disjoint union of the sets
N λ = {A ∈ N | t− λ lies in the crucial maximal ideal of A } , λ ∈ k .
Note that we have canonical bijections
M 0 7−→ M λ , A 7−→ σλ(A) and N 0 −→ N λ , A 7−→ σλ(A)
where σλ is the automorphism of k[t, y, y
−1] given by σλ(t) = t− λ and σλ(y) = y.
Using the fact that for all A ∈ M 0 we have
σλ(A) ∩ k[t, y] = σλ(A ∩ k[t, y]) ,
one is reduced for the proof of Theorem 8.0.1 to proving the following proposition.
Proposition 8.0.2. The map N 0 → M 0, A 7→ A ∩ k[t, y] is bijective.
For the proof of Proposition 8.0.2 we need several (technical) lemmas.
Lemma 8.0.3. Let k[t] ⊆ Q ( k[t, y] be an intermediate ring that satisfies the P2
property in k[t, y] and assume that
Q −→ k[t, y]/t k[t, y]
is surjective. If p ⊆ Q is an ideal that contains t and that does not contain t k[t, y]∩
Q, then there exists h ∈ Q \ p such that y−1 ∈ Qh.
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Proof. By assumption, there exists g ∈ k[t, y] \ y k[t, y] and n ≥ 0 such that
tyng ∈ Q \ p . (8)
Let g0 ∈ k[t], g
′ ∈ k[t, y] \ y k[t, y] and r ≥ 1 such that g − g0 = y
rg′. If n = 0, we
get
tyrg′ = tg − tg0 ∈ Q \ p .
Thus we can and will assume that n ≥ 1. Now, choose g ∈ k[t, y] \ y k[t, y] of
minimal y-degree such that (8) is satisfied for some n ≥ 1. We claim that g ∈ Q.
Otherwise, degy(g) > 0 and ty
n ∈ Q, since Q satisfies the P2 property in k[t, y]. In
fact, since g is of minimal y-degree, we get tyn ∈ p. Thus we get a contradiction to
the fact that
tyn+rg′ = tyng − tyng0 ∈ Q \ p and degy(g
′) < degy(g) .
Let h = tyng ∈ Q \ p. Since t, g ∈ Q, it follows that y−n = tg/h ∈ Qh. Since Q
satisfies the property P2 in k[t, y], the localization Qh satisfies the property P2 in
k[t, y]h = k[t, t
−1, y, y−1]g. Hence, we get y
−1 ∈ Qh. 
Lemma 8.0.4. Let A ∈ N 0 and let m be the crucial maximal ideal of A. Then the
inclusion A ∩ k[t, y] ⊆ k[t, y] defines an open immersion
ϕ : A2
k
−→ SpecA ∩ k[t, y]
on spectra and the complement of the image of ϕ consists only of the maximal ideal
m ∩ k[t, y] of A ∩ k[t, y].
Remark 8.0.4. The proof will show the following:
a) the maximal ideal m ∩ k[t, y] of A ∩ k[t, y] contains t and does not contain
tk[t, y] ∩A ∩ k[t, y] (see iii) in the proof);
b) the homomorphism A∩k[t, y]→ k[t, y]/tk[t, y] is surjective (see i) in the proof).
Proof of Lemma 8.0.4. Let A′ = A ∩ k[t, y] and let m′ = m ∩ k[t, y]. Due to Re-
mark 8.0.1, the residue field A/m is isomorphic to k. Hence, m′ is a maximal ideal
of A′. We divide the proof in several steps.
i) We claim that ϕ induces a closed immersion {0} × A1
k
→ VSpec(A′)(t). Due to
the surjection (7), there exists f ∈ k[t, y, y−1], a ∈ A such that y = a+ tf . Let
f = f+ + f− where f+ ∈ k[t, y] and degy(f
−) < 0. We have a+ tf− ∈ A and
tf+ ∈ tk[t, y]. Thus we get
a+ tf− = y − tf+ ∈ A ∩ k[t, y] = A′ .
This implies that
A′/tA′ −→ k[t, y]/tk[t, y] = k[y]
is surjective, which implies the claim.
ii) We claim that ϕ induces an isomorphism A∗
k
× A1
k
≃ Spec(A′) \ VSpec(A′)(t).
Since t ∈ m, we have At = k[t, t
−1, y, y−1] and thus tky ∈ A for some integer
k. This implies tky ∈ A′ and thus A′t = k[t, t
−1, y].
iii) We claim that Spec(A′) \ ϕ(A2
k
) = {m′}. Using i) and ii) this is equivalent to
show that m′ is the only prime ideal of A′ that contains t and does not contain
tk[t, y] ∩ A′.
Since m contains t it follows that m′ contains t. Since there exists no prime
ideal of k[t, y, y−1] that lies over m, the surjection (7) implies that m does not
contain tk[t, y, y−1]∩A. Hence there exists f ∈ k[t, y, y−1] such that tf ∈ A\m.
Since tk[t, y−1] ⊆ m, we can even assume that f ∈ k[t, y]. Hence tf ∈ A′ \ m′
and therefore m′ does not contain tk[t, y] ∩ A′.
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As A ⊆ k[t, y, y−1] induces an isomorphism A1
k
× A∗
k
≃ Spec(A) \ {m} and
since t ∈ m, we have
rad(tA) = tk[t, y, y−1] ∩ A ∩m .
Intersecting with k[t, y] yields
rad(tA′) = tk[t, y] ∩A′ ∩m′.
Thus every prime ideal of A′ that contains t and does not contain tk[t, y]∩A′
must be equal to m′ (note that m′ is a maximal ideal of A′).
iv) We claim that ϕ is an open immersion. According to Theorem 6.5.1 and Re-
mark 6.3.5, there exists α ∈ k[[(y−1)Q]]+ such that
A = { f ∈ k[y−1, y, t] | ν(f(α)) ≥ 0 } .
Note that y−1 corresponds to the t in Theorem 6.5.1 and t corresponds to
the y in Theorem 6.5.1. In particular we have ν(y−1) = 1. If α = 0, then
A = k[y−1] + tk[y−1, y, t] and thus (7) is not surjective. Hence α 6= 0. Let
ν(α) = a/b for integers a ≥ 0, b > 0 and let λ ∈ k∗ be the coefficient of y−a/b
of α. There exists k ≥ 1 such that
y(λb − tbya)k ∈ A′ . (9)
Indeed, ν(λb −αbya) > 0, since α is equal to λ(y−1)a/b plus higher oder terms
in y−1. Hence, there exists k ≥ 1 such that
ν(y(λb − αbya)k) = −1 + kν(λb − αbya) ≥ 0 ,
which yields (9).
As A satisfies the property P2 in k[y
−1, y, t] (see Lemma 3.2.4), it follows that
A′ satisfies the property P2 in k[y, t]. Since y /∈ A
′ we get thus λb − tbya ∈ A′
by (9). Again by (9) we have y ∈ A′λb−tbya , which implies
A′λb−tbya = k[t, y]λb−tbya .
As the zero set of λb − tbya and of t in A2
k
= Speck[t, y] are disjoint, it follows
with ii) that ϕ : A2
k
→ Spec(A′) is locally an open immersion. However, i) and
ii) imply that ϕ is injective and thus ϕ is an open immersion.

Lemma 8.0.5. Let A ∈ N 0 and let m be the crucial maximal ideal of A. Moreover,
we denote A′ = A ∩ k[t, y] and m′ = m ∩ k[t, y]. Then the following holds:
a) A′ is a maximal subring of k[t, y];
b) m′ is the crucial maximal ideal of A′;
c) For all h ∈ A′ \m′ such that y−1 ∈ A′h we have
A = A′h ∩ k[t, y, y
−1] and A′h = Ah .
Moreover, there exist h ∈ A′ \m′ with y−1 ∈ A′h.
Proof of Lemma 8.0.5. As A satisfies the P2 property in k[t, y, y
−1], A′ satisfies the
P2 property in k[t, y]. By Remark 8.0.4, m
′ contains t and does not contain tk[t, y]∩
A′. Moreover, the homomorphism A′ → k[t, y]/tk[t, y] is surjective according to
Remark 8.0.4. Let h ∈ A′ \ m′ such that y−1 ∈ A′h (by Lemma 8.0.3 there exists
such an h). We claim that
A′h = Ah . (10)
Indeed, if a = a+ + a− ∈ A and a+ ∈ k[t, y], degy(a
−) < 0, then we get
a+ = a− a− ∈ A ∩ k[t, y] = A′ .
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However, a− ∈ k[t, y−1] ⊆ A′h and thus a = a
++a− ∈ A′h, which implies the claim.
Using Lemma 3.2.1 and the fact that h ∈ A′ \m′, the claim implies that
A′h ( k[t, y, y
−1]h = k[t, y]h
is an extending maximal subring. Now, let A′ ⊆ B ( k[t, y] be an intermediate
ring. Since ϕ : A2
k
→ Spec(A′) is an open immersion and Spec(A′) \ ϕ(A2
k
) = {m′}
(see Lemma 8.0.4), it follows that m′ lies in the image of the morphism Spec(B)→
Spec(A′). Hence, there exists a prime ideal in B that lies over m′. Since h ∈ A′ \m′,
it follows that there exists a prime ideal of Bh that lies over m
′A′h. In particular,
Bh 6= k[t, y]h. By the maximality of A
′
h in k[t, y]h we get A
′
h = Bh. Thus
B ⊆ Bh ∩ k[t, y] = A
′
h ∩ k[t, y] = Ah ∩ k[t, y] = A
′
where the last equality follows from the fact that
Ah ∩ k[t, y, y
−1] = A (11)
(note that y 6∈ Ah, since otherwise yh
k ∈ A ∩ k[t, y] = A′ for a certain integer
k and thus y ∈ A′h, contradicting the maximality of A
′
h in k[t, y]h). This proves
the maximality of A′ in k[t, y], which is a). Equations (10) and (11) say, that c) is
satisfied. Statement b) is a consequence of statement a) and Lemma 8.0.4. 
Proof of Proposition 8.0.2. From Lemma 8.0.5 a),b) it follows that N 0 → M 0 is
well-defined. From Lemma 8.0.5 c) it follows that N 0 → M 0 is injective.
Now, we prove the surjectivity. Let Q ∈ M 0. We have the following inclusion
Q/tk[t, y] ∩Q ⊆ k[t, y]/tk[t, y] = k[y] . (12)
On spectra, this map yields an open immersion, since Speck[t, y] → SpecQ is
an open immersion. Hence, (12) is a finite ring extension, and thus (12) must be
an equality. This implies that the crucial maximal ideal p of Q does not contain
tk[t, y]∩Q (note that SpecQ\Speck[t, y] = {p}). By assumption, t ∈ p. Moreover,
Q satisfies the P2 property in k[t, y] by Lemma 3.2.4. By Lemma 8.0.3 there exists
h ∈ Q \ p such that y−1 ∈ Qh. Thus, Lemma 3.2.1 implies that
Qh ( k[t, y]h = k[t, y, y
−1]h
is an extending maximal subring. Since y−1 ∈ Qh, the ring
Q′ = Qh ∩ k[t, y, y
−1] ( k[t, y, y−1]
contains k[t, y−1]. Now, we divide the proof in several steps.
i) We claim that Q′ is a maximal subring of k[t, y, y−1]. Therefore, take an inter-
mediate ring Q′ ⊆ B ( k[t, y, y−1]. By the maximality of Q in k[t, y] we get
Q = B ∩ k[t, y] and hence
Qh = (B ∩ k[t, y])h .
If y would be in Bh, then y would be in (B ∩ k[t, y])h = Qh, a contradiction
to the fact that Qh 6= k[t, y, y
−1]h. Hence we have Bh 6= k[t, y, y
−1]h. The
maximality of Qh in k[t, y, y
−1]h implies that Bh = Qh. Hence, we have
B ⊆ Bh ∩ k[t, y, y
−1] = Q′ ⊆ B ,
which proves the maximality of Q′ in k[t, y, y−1].
ii) We claim that pQh ∩ k[t, y, y
−1] is the crucial maximal ideal of Q′. Clearly,
pQh is the crucial maximal ideal of Qh. If pQh ∩ k[t, y, y
−1] would not be the
crucial maximal ideal of Q′, then SpecQh → SpecQ
′ would send pQh to a
point of the open subset Speck[t, y, y−1] of SpecQ′. This would imply that
k[t, y, y−1] ⊆ Qh, a contradiction.
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iii) We claim that Q′ ∈ N 0. By ii), pQh ∩ k[t, y, y
−1] is the crucial maximal ideal
of Q′ and it contains t. By the equality (12) we get y = q+ tf for some q ∈ Q,
f ∈ k[t, y]. Since Q ⊆ Q′ and k[t, y−1] ⊆ Q′, the homomorphism
Q′ −→ k[t, y, y−1]/tk[t, y, y−1]
is surjective. With i) we get Q′ ∈ N 0.
iv) We claim that Q′∩k[t, y] = Q. This follows from the fact that Q ⊆ Q′∩k[t, y] (
k[t, y] and from the maximality of Q in k[t, y].
This proves the surjectivity. 
Let us interpret the map N 0 → M 0, A 7→ A ∩ k[t, y] in geometric terms. For
this we introduce the following terminology.
Definition 8.0.5. We call a dominant morphism Y → X of affine schemes an
(extending) minimal morphism, if Γ(X,OX) is an (extending) maximal subring of
Γ(Y,OY ). Moreover, the point in X which corresponds to the crucial maximal ideal
of Γ(X,OX) we call the crucial point of X .
Let us denote by pr : A2
k
→ A1
k
the projection (t, y) 7→ t. The set M 0 corresponds
to the extending minimal morphisms ψ : A2
k
→ X such that pr : A2
k
→ A1
k
factorizes
as
A2k
ψ
−→ X −→ A1k ,
and such that the crucial point of X is sent onto 0 ∈ A1
k
via X → A1
k
. The set N 0
corresponds to the extending minimal morphisms ϕ : A1
k
× A∗
k
→ Y such that the
open immersion A1
k
× A∗
k
→ A2
k
, (t, y) 7→ (t, y−1) factorizes as
A1
k
× A∗
k
ϕ
−→ Y −→ A2
k
and such that the image of {0} × A∗
k
under ϕ is closed in Y .
Proposition 8.0.6. Let ϕ : A1
k
× A∗
k
→ Y be an extending minimal morphism
corresponding to an element A ∈ N 0. Then
SpecA ∩ k[t, y] = Y ∪ϕ A
2
k
where Y ∪ϕ A
2
k
denotes the glueing via A2
k
σ
←− A1
k
× A∗
k
ϕ
−→ Y where σ is the open
immersion defined by σ(t, y) = (t, y).
Proof. By Theorem 8.0.1 we have the following commutative diagram
A1
k
× A∗
k _
σ

ϕ
extend. minimal mor.
// Y

A1
k
× A1
k extend. minimal mor.
// SpecA ∩ k[t, y] .
By Lemma 8.0.5, there exists a regular function h on SpecA∩ k[t, y] that does not
vanish at the crucial point of SpecA ∩ k[t, y] and we have
Ah = (A ∩ k[t, y])h .
Thus Y → SpecA ∩ k[t, y] restricts to an open immersion on Yh. By the commu-
tativity of the diagram, it follows that Y → SpecA ∩ k[t, y] restricts to an open
immersion on ϕ(A1
k
× A∗
k
). By Lemma 8.0.5, the morphism Y → SpecA ∩ k[t, y]
maps the crucial point of Y to that one of SpecA ∩ k[t, y]. Hence, Yh contains the
crucial point of Y . In summary, we get that Y → SpecA∩k[t, y] is an open immer-
sion. Thus all morphisms in the diagram above are open immersions. Moreover, ϕ
induces an isomorphism A1
k
×A∗
k
→ Y ∩A1
k
×A1
k
where we consider Y ∩A1
k
×A1
k
as
an open subset of SpecA∩k[t, y]. Hence SpecA∩k[t, y] is the claimed glueing. 
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